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Our first elementary solution to a
QM problem in ID (other than free
particle) ,

·Particle in a quadratic potential :
H = n +m

Let's go back
to Eherenfest's theorem !

dtr force

くx)* ω^<x) =0 ⇒ (X) = Acoslot)

+ BAin (cot)

oscillatory rol.
Spring analogy

*Bound StateHarmonic OscillatorDiverteSpectrum



Let's learn about the energy ofthis
system and find a solution :

E = <H
〉
4 = 「 望 く×x >

≥ 器 + 些 >x
=

because [A
?

> = (SA)" + (A) 2I (A)

Now let'snaturate the uncertainty relation :
AP = 를 ×

< H > ≥ 的
∞

,2 +
m

些 ( ∞x)̂ ≥ 些

AM-GM inequality : a +b 2ad

saturate this bound if <= 0 ; <P>= 0;
and

^

one tupe ofsolution is agaussian
- mwxh

<× 14〉 = φ (×) α ε = 韓希)
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Here is a nicer language forthin^

problem. currently '

our H mister
^

canonical pair : x , P ,
both hermitian-

It is a sem ofsquares. For reasons
that will soon be evident, we define :

a = (* + ‰) ; at =(
*
-ω )

calculate : [x
, P }= ihl

ata = * ~+㎡一品
tMp
-py )

= m ☆( * ^+ω=-心)=∝ 一支世

=8 T = wh (ata + 圭)
Also calculate [ , at] = I.

we call N = at the number operator.
se it hermitian ? Note thatH = wh (N+)
↑ clearly commutes w/ I sothey canshare
an eigembasis .

Call it In>:



Not clear yet what n or are.
To see the beautiful structure behind

them

,

act ↑ on the state at 1n > and alm>:

NatIm) = ([N, ât] +ât) /m > [N
,ât] = ât

~

1 m +1]
= ât/m) + âtn/m> [N ,â] = -à
= (n +1) atin>

[aie+] =上
Nalm) = ([T ,]+ N Im)
m

im - d> = ( -@ tam ) in>
= (n -1) alu> .

〜

The states at1m) and aln) are still

eigenstates 이 ↑ (andalsoof M), exept
「

eegervalues have been raised and
lowered by oneunit.
We call a -> annihilation operator

へ t _

a -> creation operator
* Are

they

hermitian ? Unitary ? Invertible ?
Let's first look at the states and fixe

←

their normalization.



Given thaspectrum is discrete :

NIn + 97 = Ntilln + 1> o- → Natn>=( nt ) a+ in>

N1n-1) = (m-1)/n-1) qx Nalm) = (n-dalm)
=> alm > = CIM - 2>

Norm of alm) in

<ulataln) = <M/N1m) = m
anc = <m- 11 m-1> = 1/

2

=> alm) = iIn-1)

and
a+1m> = d /M + 1)

=>(nlaat1m) = 1d12 <M + 11 M + 1) = 1d12

= <n /i -[ a] \ u>=<n / ☆+ は \ n>= ntd

= s at in> = ntI " nt 1>

We recover Y : cat( alm 》 =at田 1 n -_>
^

= M2)+ tin >

=> m1 n) = NIm> √

Note that

1/Im>// > 0 => n > 0.

n =0 is special because
a /n =o = 0 - Full Annihilation



Ingeneral 11> = at 10>

12> = 10 >{in > =

前 107

Note also :

Matrina

[ n'lat1m) = duintz mms Elements

You can also derive :

x = T(atat) p
= iplat-a)

<m" * \ iu>=品 /何 δn'in -z+δnintz )
unts.[w

] =yz
= s= ㎡ 。

<n1X21m>=a + at" + aat ata]

=

最品 w((n + 1 ) + m ) = (n岐 )
.↳ see nesel

)
<n 1 ^\n > 三く aattataー- =( n+な)

Xo2
斑



L5 :

Finding our firstwanefunction :

<× 1巡 = '<* 1 ( * *‰) 10>= 0
=∅

<× 1 * 10> +ω<x 1 p 10>= 0
〜

- it [Xx10]
dx

define xo=
=0 %( x)=
- 上 ψ(x)
X

4
.(X)

- → fa)
= 一 fdx

*

-o en (( *)Y4 %(x'0
) ) =一 tc

=> ψ0 (x ) = Mexp ( - ××。)̂
Normalization fixed by JaxYYoIXY1 = 1

-∞

=0 f^℃* dx ' = × o
.

℃

n
'
du=π Xo = YN

-A

U = XXo

⇒ GrandState Wanefunction :

Q。 (X) = 々)
"9 et学
_



For excited states :

4
. (x ) = S × 1 I>=<× 1 at 107

a上 ω(* - 、 β )
4. (× ) =君 ( メ - ×o ^ ) φ0 (x )

=売(* ー ( 一 ‰))40 (x )
-×2

=( ×
)서* e

42 (x ) = <× 12> = <xlat 11>

↓ 4n (x) = [× 1 a1前 10> =

Recursine . Closed analytical volution
OperatoMethod : Done!

ー
SON 2. 5.2

Solving TISE : Sakurai's UEIX) = PIX).

一4 %×) + 圭Mwx
~
Ψ( ) =En 4(×

)

Make it dimensionless : g = X/o ; XoFVt/mw

E = 2En /hw

.4ncy)+ ( ε- y ^) 4. ly) = 0



Solve the easier version

The -eign has theright behavior
_

←butalso the exponential envelope
appears , which is nice .

Sowe volve for :

#(p) = PCy)et s .t . 4(y) = Flylé

Now
,
write I as aseries. Use ansoty∞

Ψ (y
)

=第
0
j yò Powerseries.

Plugging into diff. eg .

gives
:

(な)( j+2 )_ー ( g + t-ε)cjJyi = 0
True for all values of y:

( j +2) (j+2) <j+ z = (2j
+1 -ε) j

Recursion relation. For large j : Cj+2-

continuing to applythin logic :

Cjt な=
組

に)
“

然~→ )!



This is bad though because :
j↑ (y) = court x [ 8/(H) !-「

∂
~

= yu! -- et"

and to 4- TcF-011) andnotesp.
suppressed.

Resolution : Series is finite
Recall

cj+ r = (2j(j+ z )<
j
,

If for some j we get 2j + 1
= &

_

een series lerminates , so :

ε =琵
= 2 jts =8 En = whljt "z)⑱

ㄴ
Same index !

9niveenicy ,...., In finite.{c, C3
, C3, .

.

..,
must vanich !

위 n is odd :
_

Co
,
Ca, v-- .

must varists{ Cs, Cy, ..., cn finite
Must be that Ψ ( -* ) = ( - 2)

"

4n (x)

Solution have definite parity.



4 Cy)。

= zo eye

Now
. We imposed a constraint on E :

Un(y) = constx y +.. - lover order.

↳ Hermite polynomials.

In physics, one fixes !

Hnly) = 2"y" + lower order.
Recall

c -zu
=- (n

CM -2u = - I)
“

無! )に !
↳ generate Hm

Solution arefinally :

4m ( x ) = Cn Hu (*o )
eX×。r

BTW:

M(x) Hmè*dx = N2"m ! Onm、


