Question 1) After passing through a Stern-Gerlach magnet oriented along an arbitrary
axis n = (sin 3 cos a, sin Bsin a;, cos 3), the beam is split into two spin states:

2)

IS, +) = cosg |4+) + e Sing |—),
" B 5 o
|S,; —) = —e @ sin§ |+) + cos 3 |—) .

Find these states by diagonalizing the spin operator

~

Sh = nsz + nygy + nzgz

5 o o (2)
5 (cos B|+) (+] + e " sin B|+) (=] + €' sin B|—) (+] — cos B|—) ()

gn along the axis n. That is, treat this as an eigenvalue problem (similarly to what S&N
tells us to do in Problem 1.11). Feel free to use the matrix representation for our states

H=(5) = (3) o

and whatever method you prefer.
Calculate the inner product (S, ;+| S, |+). Are the states |S,; +) and S, |[+) the same?

In what direction does the Bloch vector of a Stern-Gerlach magnet point for the states
|S,;+) and |S,; —)7 Recall that the Bloch vector for a state |¢) is given by (S) = (¢|S|4)).

FEach Stern-Gerlach magnet can be described by a projector operator
Pn;i = |Sn’:l:> <Sn7:t| (4)

After passing through a magnet oriented in the direction n that blocks F, but allows 4+,
we have a pure state
|[Sn; ) - (5)

We do not ask about what happened earlier than this point, all we care about is that this
new state was created. Suppose now we add a second magnet oriented in the direction
m. After exiting through the second magnet, the probability of finding the particle in the
state |Sy,; £) is given by

You can think of this as the probability or the relative intensity of the beam. Imagine
we add a third magnet oriented in the direction 1. What is the probability of finding the
particle in the state |S); +) after passing through all three magnets? Express your answer
in terms of the angle 6;,, between the directions 1 and n and the angle 6, between the
directions m and n.

Hint: you may want to start by proving that the projector ]ADn; 4, is given by

- 1+n-S/|S|

P = — 2202 7)

Calculate the probability of finding the particle in the state |S); +) after passing through
all three magnets for the following arrangements:
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(a) n
(b) n
(c) n
g) Generalize your result for an arbitrary number N of sequential Stern-Gerlach magnets
going from an initial zZ direction to a final X direction in equal angular steps confined to
the xz-plane. What happens in the limit N — 0co? What is the probability of measuring

the particle in the state |S,;+)? How about |S,;4)? How does this compare with case
(b) above?

z, =—z, l=12

._.
I

m
Z, m=X,
m

= (X+2)/V2, 1=x

z,



a) In the {|4),|—)} basis the dyadic form given in the problem reads

5 h( cosf e "sinp
O = 2 <em sinf  —cosf3 ) ’ (8)
Note:
~ -~ h2 2 2 h2
Tr(S,) = A\ + Ay =0, det(Sn) =Ny = -1 (cos? B +sin® B) = - 9)
You should know:
e The trace of a matrix is the sum of its eigenvalues:
Tr(M) = Te(PAP™') = Tr(AP~'P) = Z/\ (10)

where P is the invertible matrix (P~'P = 1) that diagonalizes M, i.e., P"1MP = A,
with A = diag(\, Ay, ... ). Note we used the cyclic property of the trace: Tr(AB) =
Tr(BA).

e The determinant of a matrix is the product of its eigenvalues:

det(M) = det(PAP~') = det(A H A (11)
where we used
det(PAP™') = det(P) det(A) det(P~1) = det(PP~1) det(A) = det(A). (12)
From these properties, we know: \; = —)\, and A\ A\, = —\? = Z , which immediately
gives the eigenvalues:
h
)\172 — j:§ (13)

Note this is independent of @ and 5. It had to be the case since the magnet in isolation cannot
distinguish any particular direction in space.
Now onto the eigenvectors. Starting with \; = +%/2, we map the dyad form to matrices:

xy 4 h( cosf e 'sinf
o o () S e S, o) (14)

with complex numbers z; and y;. The eigenvalue problem is just the statement:

G- AD) o) =0 (‘;‘;iigﬂl _ecossgn_ﬂl) (3) _o. (15)

With the help of the identities cos f—1 = —2sin? g and sin § = 2sin 6 cos £, you can show that
Yy, = e tangxl. (16)

Choosing x; = cos g, we normalize the state and make the first coefficient real and non-negative

(again the freedom of the global phase), giving our solution

|S,; +) :cos§]+>+em sin = |—), (17)



The same steps for A\ = —h/2 give

1Sy —) = —e i@ Sing |+) + cosg |—) . (18)
Note they are orthogonal,

(Sy; +|Sn; —) = —e ™ cos g sin g + e~ sin g cos g =0, (19)

as they must be for distinct eigenvalues of a Hermitian operator (your homework 1).

b) Since gn is Hermitian with real eigenvalue £/2, it may act to the left on its own eigenbra,
(S;+1 85 = § (Sai+, s0

A h h
(St 1 S 1+ = 2 (St +1) = B cos . (20)

They are clearly not the same state unless 8 = 0. You can also write the state explicitly to

see:
- A ,
S+ = 2 (cos B1) + e sin |- (21)
This depends on the full angle 3 rather than 3/2; and is not even normalized.
c) Write |Sp;+) = a|+) +b|—) with a = cos £ and b = €™ sin 2. Then
. ~ - h
(8;) =hRe(ad),  (S,) =hlm(ab),  (S.) =5 (laf* = [b]), (22)
and using a*b = cos g sin éﬁem = 1sinBe™ and |a|*> — [b]? = cos B, you'd get
a a ho, . o h
(S)s. i+ = (Sn;+IS[Sn; +) = 5 (sin Bcos v, sin Bsina, cosfB) = ok (23)

For <§>Sn;* = —% n. So the state leaving the magnet in the eigenstate |S,;+) has its Bloch

vector pointing exactly along the magnet, and reversely for the state leaving the magnet in the
eigenstate |S,; —). The two states are said to be “antipodal” on the Bloch sphere.

d) First the hint. You can rewrite it slightly differently as

- 1+n-o
Pn;i = ‘Sn7:l:> <Sn7:l:‘ = 2 . (24)

You can check ]ADn; , follows all the properties of a projector. For example, using the property
of Pauli matrices (n-3)° = 1, you can show

~ 1+n-o
Pl%;:t:< 2 >

> 142n-6+1 1+4+n-6

P, 2
4 2 n;+ ( 5)

Also, ]511;4r +P _ =1 and ]Bn;+]5n;_ = 1(1—(n-5)?) = 0. Finally, note that gnfjmi =
j:%f?m , 5o we can easily find onto what eigenstate of S; the projector An + projects.
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Equipped with this, we can prove the overlap quite easily. Eq. (24) and then Eq. (23),

. 1+2a-(S), 1+a-b 0,
(S 13 1)1 = (Syicb| Py ISy ) = =255~ SERD o2 (T ) (2)

Each blocked magnet projects and renormalizes the state, so that the survival probabilities
multiply. For the chain n — m — 1, taking the 4ve eigenstate throughout,

0 0
P = 1815 1S+ (S 1S5 4)17 = cos? (P12 ) cos? (Z22 ). 21)

Note only the angles between consecutive magnets appear. The angle §;, between the first
and last magnets does not appear anywhere. This is natural with the interpretation of each
magnet as a projector. Once the atom has been projected onto |S,,;+), it is now in the
state |S,,;+) and has no memory of its previous state. Note also that projectors are not
reversible, in the same way that measurements in quantum mechanics “collapse the state”.

e) Cases:

1. (a) Using the formula above (Eq. (27)) with §_,, = 7 gives p = 0. The beam is completely
blocked by the second magnet/filter since (S_,;+|S,;+) = (—|+) = 0.

2. (b) Now we use
p = cos?(m/4) cos?(m/4) = 1/4 (28)
Same result we obtained in class. This is the famous result and it told us that inserting a
middle magnet at 90° scrambled the beam into an equal mixture of spin-up and spin-down
along the new axis. Had the middle magnet not been there, we would get p = 1.

3. (¢) p = cos* (7/8) ~ 0.73. Again, this case is also odd because splitting a 90° rotation
into two 45° steps actually increases the transmission we found in (b). We take advantage
of it in the next part.

g) Placing N magnets in the zz-plane at angles 0, = k:%2 for kK = 1,..., N, starting from a

beam prepared along z. Consecutive magnets differ by the fixed step Af = 5%, so we can apply

Eq. (26) for each of the N links to get a transmission of cos? (A#/2), and

py = cos?V (%) , (29)

as you'd expect. For large N the argument of the cosine is small, so we expand cosz ~ 1 —z2/2

to get
7'['2 2N 7T2
P ( 32N2> 16N Nooo (30)

You can plot this function for large N too if you are not convinced.
After the chain the spin is in |Sy;+), so

(S Sk P =1, [(Ski =S )" =0, (31)
while measuring along z instead gives, from Eq. (26) with 8 = 90°,
1(S,;£]S;+))° = i for each sign. (32)

We fully rotate the spin from the z direction to the X direction, as opposed to scrambling it
equally between |S,;+) and |Sy;—) as in (b) above.
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